The neutron-rich even-even nuclei 26−40 Mg, 28−46 Si, 30−48 S, and 32−56 Ar are calculated with the RMF model and the phase-shift electron scattering method. Results show that level inversion of the 2s 1/2 and 1d 3/2 proton states may occur for the magnesium, silicon, sulphur, and argon isotopes with more neutrons away from the stability line. Calculations show that the variation of the central charge densities for 30−48 S, and 32−56 Ar are very sensitive to the 2s 1/2 and 1d 3/2 proton state level inversion, and the level inversion can lead to a large measurable central charge depletion to the charge density distributions for the neutron-rich isotopes. Calculations also show that the charge density differences between the isotopes with and without central charge depletion can reveal not only the level inversion of the 2s 1/2 and 1d 3/2 proton states but also the behavior of the proton wave functions of both states. The results can provide references for the possible study of the nuclear level inversion and nuclear bubble phenomenon with electron scattering off short-lived nuclei at RIKEN or/and GSI in the future. In addition, direct nuclear reaction 44 S(n, d) 43 P or 44 S( 3 H, α) 43 P might also be a possible way to study the 2s 1/2 and 1d 3/2 proton state level inversion.
I. INTRODUCTION
One of the hotly debated problem in nuclear physics is the existence of the nuclear level inversion and the related nuclear phenomena in exotic nuclei [1, 2] . The problem of nuclear level inversion has been studied for many years both theoretically and experimentally and great progress has been achieved [3] [4] [5] [6] [7] [8] . However, there are still some problems to which the solutions are not really clear. For instance, the real causes for the nuclear level inversion are not completely known yet and some results given by different models or experiments do not agree with each other. Another unsolved problem, the nuclear bubble phenomenon, is also related to the nuclear level inversion. The nuclear bubble phenomenon has also been studied for many years with a variety of nuclear models [9] [10] [11] [12] . The majority opinion is that one of the main causes for the nuclear bubble formation is the s-d level inversion. However, we haven't detected any nuclear bubbles yet. Do the nuclear bubbles really exist? If so, is the main cause the s-d level inversion? The clarification of these problems pleads for further elaborate experimental investigation on the level inversion and the related nuclear phenomena. In terms of the modern quantum theory, level inversion will lead to the change of the nucleon distribution, so a very good method to probe the level inversion could be to measure the nucleon distributions in exotic nuclei. Electron scattering has proven to be an excellent tool for measuring the charge density distributions and proton distributions of nuclei [13] [14] [15] [16] . Therefore, in this paper we focus on exploring the feasibility of studying the s-d level inversion with electron-nucleus scattering experiments.
In recent years, based on the development of the RI beam technology, some new facilities for electron scattering off short-lived nuclei have been constructed at different laboratories.
For instance, the double storage rings of MUSES [17] [18] [19] [20] at RIKEN in Japan has made it possible to perform the electron scattering experiments by storing the radioactive ion beams in one ring and storing the electron beams in another. A new novel internal target for electron scattering on unstable nuclei, the SCRIT (self-confining radioactive isotope ion target), has also been developed and gained exciting success at RIKEN [21] , and the first demonstrative experiment of electron scattering off short-lived nucleus 133 Cs has been performed in 2009 [22] . In addition, a similar electron-ion collider at GSI in Germany [23] [24] [25] has also been constructed. Very recently, great progress in parity-violating electron-nucleus scattering has been made at the Thomas Jefferson National Accelerator Facility in the United States [26] . In parallel with the development of the new facilities and experimental researches, theoretical studies on electron scattering off exotic nuclei have also developed and some new results have been obtained [27] [28] [29] [30] [31] [32] [33] [34] [35] . We believe that the theoretical results will provide useful references for experimental studies and that the newly built facilities will provide good opportunities for further studying the nuclear level inversion and the nuclear bubble problems with electron-nucleus scattering experiments in the future. state level inversion so as to study if the 2s 1/2 and 1d 3/2 state level inversion and the proton bubbles can be detected with electron nucleus scattering.
The method that we use is the combination of the RMF nucleus structure theory and the phase shift analysis method for electron-nucleus scattering. The RMF theory is currently a widely used model in the calculations of stable as well as unstable nuclei [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . Therefore, we use this theory to investigate the energy levels and the proton occupation probabilities and produce the charge density distributions. Phase shift analysis is a very stable method in calculating the electron-nucleus scattering process in a wide range of incident energies [27] [28] [29] [30] [31] [32] [33] [34] [35] 47 ], so we use this method to calculate the cross sections and form factors.
The paper is organized in the following way. Section II is a brief review of the formalism of the phase shift analysis method for elastic electron scattering. Section III is the numerical results and discussions. A summary is given in Section IV.
II. FORMALISM
The elastic electron scattering process can be described by the Dirac equation [48] [
where α and β are the Dirac matrices, E and p are the energy and momentum of the incident electrons, and m is the rest mass of the electron. V (r) is the potential between the electron and the nucleus. To obtain the differential cross section of the elastic electron scattering, we must solve the above Dirac equation. In the following we introduce the phase-shift analysis method. The details of this method can be found in many quantum physics literatures [34, 35, 47] , so we only give a brief review of it.
For a spherical scalar potential V (r), the wave function of the Dirac equation can be expanded in terms of a series of spherical spinors with definite angular momenta [49] Ψ(r) = 1 r
where P (r) is the upper-component radial wave function, Q(r) is the lower-component one,
and Ω are the spherical spinors. The functions P (r) and Q(r) satisfy
After determining the asymptotic behavior of rV (r), we can express the upper and lower radial wave functions at large distances as
where F (u,l) and G (u,l) are the regular and irregular Dirac spherical Coulomb functions. The symbols u and l stand for the upper and lower components and δ is the phase shift.
By solving the coupled radial equations Eqs. (3) and (4) with the asymptotic conditions defined by Eqs. (5) and (6), we can obtain the spin-up (δ + l ) and spin-down (δ − l ) phase shifts for the partial wave with orbital angular momentum l. Then we can determine the direct scattering amplitude by
and the spin-flip scattering amplitude by
where P l and P 1 l are the Legendre polynomials and associated Legendre functions, respectively. The differential cross section for the elastic electron-nucleus scattering can be obtained as follows
After the differential cross sections are obtained, the charge form factors squared |F (q)| 2 can be calculated by dividing the differential cross sections with the Mott cross section
where
For high-energy electron scattering off light nuclei, the recoil of the target nucleus must be taken into account. We do this by dividing the differential cross sections by the factor [50] 
where M is the mass of the nucleus and E is the energy of the incident electrons. Another correction that should be considered is the attraction felt by the electrons, although this effect is not very strong for light nuclei. We do this with the standard method in electron scattering, that is to replace the momentum transfer q with the effective momentum transfer
in our calculation, where R 0 = 1.07A 1/3 and A is the mass number of the nucleus.
In numerical calculations, we take V (r) as
where ρ ch (r ) is the charge densities that are obtained by folding the point proton densities, which are calculated from the RMF model, with the proton charge density distribution [51] 
where Q 
where P 2 CM can be estimated from the kinetic energy of the center-of-mass. The RMF model has been developed into a standard nuclear structure theory and has been extensively used to describe the properties of the ground and low excited states both for stable and unstable nuclei. The details for the RMF model can be found in many articles such as [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . We will not redundantly depict them here.
III. NUMERICAL RESULTS AND DISCUSSIONS
We first give the RMF model results. With the NL-SH parameter set, we calculated the single nucleon state energy levels and their occupation probabilities. The numerical results for the 1d 5/2 , 2s 1/2 and 1d 3/2 proton states which are involved in our discussions are listed in Table 1 . By careful study, it is found from Table 1 that the energy levels and occupation probabilities have two features. The first one is that for each nuclei the energy level of the 1d 5/2 state is much lower than those of the 2s 1/2 and 1d 3/2 states, and this consequently leads to a much greater proton occupation probability of the 1d 5/2 state than those of the 2s 1 filled. Nevertheless, the 2s 1/2 and 1d 3/2 states each is not completely empty both because the total number of protons are more than the lower states can accommodate and because both states each has a relatively large occupation probability.
The second feature is that for the isotopes with relatively smaller neutron numbers the energy level of the 2s 1/2 state is lower than that of the 1d 3/2 state, and with the increase of the neutron number the 2s 1/2 and 1d 3/2 state levels both decrease, however the 1d 3/2 state energy lowers more rapidly than that of the 2s 1/2 state and, as a result, this leads to the level inversion of the 2s 1/2 and 1d 3/2 states for some neutron-rich isotopes away from the stability line. In order to show more clearly the trend of variation of the energy levels of the 2s 1/2 and 1d 3/2 states with respect to the increase of the neutron number, we have plotted the 2s 1/2 and the 1d 3/2 state energy levels ε 2s 1/2 and ε 1d 3/2 and the level gap ε = ε 2s 1/2 − ε 1d 3/2 in Figure 1 . The upper panel of Figure 1 shows that for each of the four isotones with neutron number N = 14 the energy level of the 2s 1/2 state is lower than that of the 1d 3/2 state, but as the neutron number increases, the 2s 1/2 and 1d 3/2 state energy levels both become lower and closer. As the neutron number increases still more, the energy level curves cross each other and the level inversion of the 2s 1/2 and 1d 3/2 states occurs. From the lower panel of Figure 1 we can see that for magnesium, silicon and sulphur, the possible level inversion occurs for the isotopes with N > 20. For argon, the possible level inversion occurs for the isotopes with N ≥ 18. In the following paragraphs, it can be found that both features are very important in accounting for the variation of the charge density distributions of these nuclei.
In addition to the above two features, Figure 1 seems also to reveal that the intersection of the 2s 1/2 and 1d 3/2 state level curves has the tendency to move towards the isotopes with relatively smaller neutron numbers with the increase of the proton number, as the dashed curves indicate in the upper and lower panels of the figure. This may mean that for an isotonic chain in the s-d shell region the level inversion of the 2s 1/2 and 1d 3/2 states occur more easily for the proton-rich isotones. For instance, on the N = 18 isotonic chain the nucleus 36 Ar may have the 2s 1/2 and 1d 3/2 state level inversion, while 30 Mg, 32 Si, 34 S may not.
In Figure 2 and 3 we present the charge density distributions calculated by using the RMF model with the NL-SH parameter set. For the sake of clearness, we did not give all the results of the nuclei listed in Table 1 here. The charge density distribution curves given in Figure 2 and 3 are typical of the charge distribution shapes of the nuclei considered. It can be found from Figure 2 that the charge density distributions of the five magnesium isotopes each shows a noticeable depression around the center, and the shapes of the charge distributions are very similar. These features also hold true for the charge density distributions of the silicon isotopes. While for sulphur and argon isotopes, the results in Figure 3 around the center varies from nearly flattened to considerably depressed. For the argon isotopes the similar conclusion can also be drown from Figure 3 . Thus for sulphur and argon, unlike magnesium and silicon, the charge density distributions are not similar for each isotope. The shapes of the charge distributions show an outstanding change around the center as the neutron number increases.
The similarity of the charge density distributions between the magnesium isotopes and between the silicon isotopes can be explained in terms of the shell theory based on the results in Table 1 . In fact, the similarity of the charge density distributions reveals that the isotopes do not have much difference in proton configuration. This is consistent with the results given in Table 1 . As has been discussed in the previous paragraphs, the proton configurations for the ground states of the magnesium isotopes should be the same, i.e.
(1s 1/2 ) 2 (1p 3/2 ) 4 (1p 1/2 ) 2 (1d 5/2 ) 4 . Although the RMF model results show that the level inversion of the 2s 1/2 and the 1d 3/2 states may occur for the magnesium isotopes with N > 20, their proton configurations keep unaffected, since the 2s 1/2 and 1d 3/2 states are empty in the ground states. Since the shape of the wave function of a proton is determined by its orbit, the same proton configurations must correspond to the wave functions of the same shape.
Thus, it follows that the shapes of the proton wave functions are the same for the magnesium isotopes. Therefore, it is not curious that the shapes of charge density distributions of the magnesium isotopes are similar, since the charge density distribution of a nucleus is determined by the wave functions of the protons. Likewise, the similarity of the shapes of the charge density distributions for the silicon isotopes can be explained. Now we turn to the central depletion of the charge density distributions. We know that the radial wave functions of the 1s 1/2 , 1p 3/2 , 1p 1/2 and 1d 5/2 states have no nodes, so the square of the wave functions each has only one peak. For the 1s 1/2 state wave function, the peak is always at the center, but for the 1p 3/2 , 1p 1/2 and 1d 5/2 state wave functions, the peaks are always away from the center. Since the 1s 1/2 state always has the lowest energy, the 1s 1/2 state will not be empty for any nuclei in the ground states. Therefore, the 1s 1/2 state will guarantee that no nuclei in the ground states can be completely hollow in the central region. However, the nuclear central charge depletion is still possible. On the one hand, this is because that the number of the protons which can move in the 1s 1/2 state is limited, at most 2; and on the other hand, this is because the peaks of the squared wave functions of the 1p 3/2 , 1p 1/2 and 1d 5/2 states are away from the center with up to 12 protons.
If the peaks of the squared the wave functions of the 1p 3/2 , 1p 1/2 and 1d 5/2 states overlap or mostly overlap, the center depletion will probably happen. The magnesium and silicon isotopes are this kind of nuclei with the 1p 3/2 , 1p 1/2 and 1d 5/2 states nearly full of protons and the peaks of their squared wave functions overlapping in a large part, and this leads to the charge density depletions at the center.
For sulphur and argon, as we have pointed out in the previous paragraphs that with the increase of the neutron number the charge density distributions of the isotopes vary outstandingly in the central region. Why do the charge distribution shapes of these isotopes around the center get depressed with an increasing neutron number? One reason is that the level inversion of 2s 1/2 and 1d 3/2 states occurs as the neutron number increases. As we have known that a particle prefers to move in a lower energy state, so the energy level inversion of 2s 1/2 and 1d 3/2 states will greatly influence the occupation number of the outmost protons in the two states. The effect can be clearly seen in Table 1 . For sulphur, from 30 S to 48 S, the proton occupation number of the 2s 1/2 state decreases from 1.07 to 0.20, while that of the 1d 3/2 state increases from 1.06 to 1.91. The variations of the proton occupation numbers of the 2s 1/2 and 1d 3/2 states for the argon isotopes are similar. Another reason is that the squared wave function of the 2s 1/2 state has a main peak at the center, whereas the squared wave function peak of the 1d 3/2 state is away from the center. The occupation of 2s 1/2 state by protons will enlarge the central charge densities, but the filling of the 1d 3/2 state by protons will increase the charge densities away from the center. Thus, it is the combination of both the causes that leads to the variations of the charge density distributions for the sulphur and argon isotopes presented in Figure 3 .
The above discussion also shows that the variation of the central charge densities, i.e. the depression of the charge densities, is quite a good reveal of the combined effect of the 2s 1/2 and 1d 3/2 state level inversion and the behavior of the 2s 1/2 and the 1d 3/2 state wave functions at the center. In Figure 4 we present two samples of the charge density differences between two sulphur and between two argon isotopes. The results show that the charge density differences between 32 S and 42 S and between 36 Ar and 48 Ar are large enough, especially near the center, to be observable experimentally [54] . Therefore, it can be possible to detect the 2s 1/2 and 1d 3/2 state level inversion and study the behavior of the wave functions of 2s 1/2 and 1d 3/2 states experimentally by measuring the charge density differences between the sulphur isotopes and between the argon isotopes. A feasible and precise way of measuring nuclear charge densities is elastic electron nucleus scattering [13] [14] [15] [16] . Especially with the application of new technology of measurement and the advent of the new-generation electron-nucleus collider, not only has the measurement become more precise, but the experiments of electron scattering off short-lived nuclei have also become reality. Thus, we believe that with the further development of new experimental technologies in the future it could be possible to study the s-d level inversion by measuring the charge density distributions of the exotic nuclei with elastic electron nucleus scattering experiments.
To provide useful references for experimental research and comparison between theoretical results and experimental data, we give the phase shift analysis calculations of the charge form factors for some candidate sulphur and argon isotopes. Figure 5 is the theoretical charge form factors for the sulphur isotopes 30 S, 32 S, 34 S, 38 S, 42 S and 46 S, and Figure 6 gives the theoretical charge form factors for the argon isotopes 32 Ar, 36 Ar, 40 Ar, 44 Ar, 48 Ar, 52 Ar and 56 Ar. It can be seen from both figures that the charge form factors shift upward and inward noticeably as the neutron number increases, and the largest shifts appear near the maximums and minimums. Above all, the shifts of the form factors between the isotopes with and without central charge density depression, for instance those between 42 S and 32 S, are large enough and can possibly be measured with elastic electron-nucleus scattering on the new generation electron-nucleus collider, and hence the charge density differences can be extracted. In addition to the charge form factors, we further calculated the differential cross section differences D(θ), where
The upper panel of Figure 7 shows the differential cross section differences between 34 To guarantee that the theoretical results of electron-nucleus scattering are valid, we have tested our calculations with stable nuclei 32 S, 28 Si, 24 Mg with electron-nucleus scattering experimental data available [55] . In the calculations, the charge density distributions for 32 S, 28 Si, 24 Mg are produced by the RMF model with the NL-SH parameter set. 
